The propagation of strings in cosmological space-time backgrounds is reviewed. We show the relation of a special class of cosmological backgrounds to exact conformal field theory. Particular emphasis is put on the singularity structure of the cosmological space-time and on the discrete duality symmetries of the string background. 
Introduction
String theory is at the moment the most attractive candidate for a unified description of the basic constituents in nature and their interactions. In the past years, the main emphasis within this subject was put on the discussion of critical strings: D = 10 for the most promising case of the heterotic string [1] . In order to get contact with low energy phenomenology, one can make the consistent assumption that the string background space has the form of four-dimensional flat Minkowski space-time times a six-dimensional internal, compact space with characteristic size of order of the Planck scale. More generally, four-dimensional heterotic strings are based on the tensor product of a trivial (super) conformal field theory having c L = 4 (c R = 6), corresponding to flat four-dimensional space time, with an internal (super) conformal field theory possessing c L = 22 (c R = 9). The form of the internal compact space or internal conformal field theory determines all particle physics properties of the four-dimensional string, such as the gauge group, the number of supersymmetries (gravitinos), matter representations, Yukawa couplings etc.
In order to investigate quantum gravity effects like processes shortly after the 'Big Bang', a further step is necessary: the flat four-dimensional Minkowski spacetime has to be replaced by a curved target space. Consequently, this part of the string theory also corresponds to a non-trivial conformal field theory. In general relativity, − 1 − singularities in curved space-times are often unavoidable. In fact, the well-known singularity theorems [2] proof the existence of singularities under certain assumptions of the matter energy momentum tensor. For example, the standard Big Bang scenario exhibits an initial singularity at t = 0. In string theory, there are several reasons to believe that singularities in the target space are not harmful to the theory. Heuristically, this believe is based on the fact that the string theory possesses a 'minimal length scale' set by the extension of the string itself. A well known example of a finite string theory with a singular background space is the compactification of strings on orbifolds.
One of the keys in understanding the meaning of singularities and of the minimal length scale in string theory may be given by the socalled duality symmetries [3] .
Duality is, roughly spoken, the invariance of the string theory under the inversion of certain characteristic length parameters. More generally, duality transformations act on the background parameters of the string, like the space-time metric or dilaton field. The existence of the duality symmetry was first shown in the context of string compactification on a constant background, like a circle or torus. Here the stringy nature of this symmetry can be clearly identified since duality involves the exchange of momentum with stringy winding modes. The emergence of the duality symmetries within string compactifications already proved to be very useful [4] to get information about the effective Lagrangian in 'flat' four-dimensional string theories. For example one can show [5] the certain orbifold compactifications cannot lead to the spectrum of the minimal supersymmetric standard model without breaking the stringy duality symmetries.
The duality symmetries are not limited to flat backgrounds; their existence was shown [6] , [7] , [8] for many curved, for example time-dependent backgrounds. Even for non-compact spaces, duality survives as discussed recently in ref. [9] . This observation is of particular interest in the context of discussing singularities in curved string backgrounds. For non-compact spaces, the duality transformations can change the topology of the space. This topology change is most dramatic when the duality transformation maps a singular on a non-singular space, as shown first for the Euclidean two-dimensional black-hole in ref. [10] . Since both spaces are equivalent from the string point of view, the meaning of the singularity in the target space is unclear.
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In this review we will discuss the propagation of strings in cosmological, i.e. time-dependent backgrounds [11] [12] [13] [14] [15] [16] [17] . In the next section we will investigate the timedependent solutions of the string equations of motion including a non-trivial metric and dilaton background. In section 3 we will relate particular cosmological string backgrounds to exact conformal field theories, namely the gauged Wess-Zumino-Witten (WZW) models. Finally, in section four, we will discuss the cosmological background in the socalled Einstein frame. Particular emphasis is put on the duality symmetries.
Cosmological String Backgrounds
Let us consider the propagation of a (bosonic) string in the presence of a Ddimensional metric and dilaton background G M N (x) (M, N = 0, . . . , D − 1) and Φ(x). The string tree level effective action for these background fields has the form
The cosmological constant is related to the dimension D of space time as Λ =
. The effective action (1) leads to the following equations of motion
These equations can be also obtained [18] as the conditions of vanishing β-functions in the corresponding two-dimensional σ-model
As an ansatz for the metric and dilaton field we consider a cosmological, i.e. time dependent background of the form
Then the string field equations (2) can be rewritten as [14] iR i R i +Φ = 0,
− 3 − Now, it is not difficult to realize that the field equations (5) are invariant under the duality transformation
,
The non-trivial duality transformation behavior of the dilaton field implies that the time-dependent string coupling constant is transformed like g
This change of the string coupling constant agrees with the transformation of g 2 in the static case when one considers the genus expansion of the string partition function [19] . The origin of the duality invariance comes from the fact that the metric (4) is independent from the spatial coordinates x i which leads to D − 1
Abelian isometries of the model. In this case it follows that the non-linear σ-model based on the dual background (6) corresponds to a conformal field theory provided that also the original background is conformal (at lowest order in α ′ ) [20] .
The explicit form of the solutions [14] of the field equations (5) depends on the value of the cosmological constant Λ. For Λ = 0 (D = 26) one obtains a family of
where α i , β, t 0 are arbitrary real parameters.
For Λ = 0, the cosmological solutions are given by
Alternatively, for Λ = 0, there is another solution, the socalled linear dilaton [12] :
− 4 − To understand the singularity structure and the duality properties of the above cosmological solutions let us compute the Ricci-tensor. For Λ = 0 it has the form (α i = 1, t 0 = 0):
The corresponding scalar curvature is then
We see that for arbitrary p, space-time is singular at t = 0. However for p = 0, spacetime is Ricci-flat. However the curvature tensor is still singular at t = 0 for this case (R cd ab ∼ t −2 ). Only for the "two-dimensional" case
is completely flat. This is most easily seen by introducing lightcone coordinates like
Then the metric becomes that of flat Minkowski space time, ds 2 = dudv, where the whole t − x 1 plane is mapped onto the forward/backward lightcones uv < 0.
For Λ = 0, the scalar curvature has the form
Thus for generic values of p there is a singularity at t = 0. However for p = 0, Λ < 0, the scalar curvature is finite for all t [15] whereas the curvature tensor is still singular at t = 0. Only in the "two-dimensional" case with p 1 = 1 and p i = 0 (i = 1) space-time is completely free of singularities in the t-x 1 plane.
The duality transformation p i → −p i , p → p + 2p i relates two inequivalent cosmological backgrounds. For generic p, the original space-time and also the dual transformed space-time possess a singular scalar curvature. However for p = 0, a space-time with singular scalar curvature is mapped onto a background without singularity in R. In particular, for p 1 = 1 and Λ = 0, flat Minkowski space-time is mapped onto a singular space, and for p 1 = 1, Λ < 0, a singular-free expanding space is mapped onto a singular, but contracting space-time. (For more discussion on this case see next chapter.)
The equations (2) and (5) are the tree-level field equations determining the string propagation in the graviton, dilaton vacuum background. However to obtain a realistic − 5 − cosmological scenario one has to include also matter energy density and pressure from the stringy matter. As discussed in ref. [13] this is determined by the one-loop free energy of the string. In an isotropic universe with R l (t) = R(t) (l = 1, . . . , d, all other R i = constant), Λ = 0, assuming that the matter evolves adiabatically, one can show [13] that the massless momentum modes with energy E ∝ R(t) −1 lead to the radiation dominated era of the standard cosmology with R(t) ∝ e 2 d+1 , and with a dilaton approaching a constant. However at very early times the contribution of the winding modes to the energy also becomes important. These modes oppose the expansion of the universe, and, as it was argued in [13] , the universe oscillates for some time around the Planck scale, until by coincidence it starts expanding in a smaller number of dimensions ending in the radiation dominated era. Based on the thermodynamics of the winding modes one can give arguments [13] that the preferred number of expanding directions is smaller than four.
Gauged WZW Models
Now we want to relate the cosmological solutions of the string field equations to exact conformal field theories, namely to the gauged WZW models. We will show [16] that the "two-dimensional" model with p 1 = ±1 can be derived from a gauged Wess-Zumino-Witten (WZW) models [21] based on the non-compact coset space SL(2, R)/SO(1, 1). In fact it was first shown by Witten [22] that this type of coset space CFT has a very interesting target space interpretation, namely that of a two-dimensional black-hole [23] . However a simple change in the CFT, namely the change of sign of the level k of the SL(2, R) Kac-Moody algebra, will lead to the cosmological interpretation. The gauged WZW model based on the coset G/H is described by the action
where the boundary of B is the 2D worldsheet, g is a group element of the group G, and A are the gauge fields of H transforming as
k is the level of the Kac-Moody algebra for the group G. To be specific, we − 6 − want to discuss a four-dimensional target-space based on the non-compact coset SL(2, R) × SO(1, 1)
2 /SO(1, 1). The central charge of this coset CFT (non-compact coset CFT's were discussed in [24] ) is given by
where the k, being a real number, is the level of the non-compact SL(2, R) KacMoody algebra. For the case that the string theory is entirely given by this coset CFT, the condition c = 26 implies k = 25/11. However, we leave k as a free parameter. Therefore we couple the SL(2, R)×SO(1, 1) 2 /SO(1, 1) coset CFT to an internal CFT with central charge
Now we parametrize the group element of SL(2, R) as g = u a −b v with uv + ab = 1. Finally we assume for simplicity that H = SO(1, 1) is entirely inside SL(2, R). Performing a vector-like gauging, a = ±b, the action (13) can be identified with a σ-model action of the form
In the semiclassical approximation k → ±∞, the corresponding four-dimensional σ-model metric is given as [22] , [8] 
The associated dilaton can be derived from the change of the integration measure in the path integral. It has the form
We recognize that the signature of the two-dimensional part of this metric depends just on the sign of the level k of the SL(2, R) Kac-Moody algebra. In fact, for k → +∞ space-time possesses a singularity in futures times τ = u + v. In this case, u and v are Kruskal-like coordinates of a black-hole metric; more precisely the − 7 − metric (17) has the causal structure of a four-dimensional black-brane (see figure 1) .
The singularity at uv = 1 originates from the fixed points of the modded vector gauge symmetry H at this curve. However for k → −∞ the causal structure is completely different [16] . Specifically the causal structure for negative k is obtained from the black-hole case by a 90 0 rotation of the two-dimensional u, v-plane (see figure 2) .
Specifically, we see that, introducing the proper time τ = u − v, there is no singularity for future times τ inside the light-cone uv < 0 (region I in figure 2) . The singularity at uv = 1 is hidden behind the horizon uv = 0. However signals in regions II, III may hit the singularity, and the singularity may also send signals through regions II, III into region I. Now one has a forward light-cone with the singularity behind it. As we will discuss in the following, this class of string backgrounds with negative k describes an expanding Universe with singularity outside the visible horizon. becomes negative, and one may expect serious problems with unitarity.) On the other hand, for 26 < D < 29 one deals with the cosmological scenario. Regarding this theory as a non-critical Liouville string in the asymptotic limit, it would imply that the Liouville field is a time-like coordinate [25] .
To make contact with the discussion of section 2, it is easy to show that inside the singularity free region I we have in fact an expanding Universe. Specifically, we introduce coordinates which cover exactly the region I,
(The coordinates t and x 1 are not geodesically complete.) Then the metric (17) in region I becomes
⋆ In ref. [13] it was discussed that for k > 0, Λ > 0, the interior region II of the two-dimensional black-hole has an interesting cosmological interpretation, in particular after going to an infinite cover fold of SL(2, R). In the gauged WZW model, the duality operation corresponds to the exchange of gauging the axial SO(1, 1) subgroup of SL(2, R) instead of gauging the vector-like subgroup SO(1, 1) [7] , [26] . This implies that in the u, v coordinate system, duality acts as
This is just the exchange of the regions I and IV in figures 1 and 2, whereas the regions II and III are mapped onto themselves [10] , [26] . In the t, x 1 coordinate system, as defined in eq.(19), the duality transformation (6) leads to the dual metric of the form
and the dual dilaton
Therefore the dual metric of region IV possesses a singularity at t = 0.
The coset CFT based on SL(2, R)/SO(1, 1) with negative level k = −N is closely related to the CFT of the coset space SU (2)/U (1) of level N with the same central charge c = 3N N+2 − 1. The gauged WZW model of SU (2)/U (1) leads, for large N , to a σ-model with the following two-dimensional target space metric:
Here z is a complex parameter of an SU (2) group element, z = x + iτ . Performing a change of coordinates like
the metric (24) becomes
This Euclidean metric is just the analytic continuation of the cosmological metric (20) , i.e x 0 = −it. It leads to a singularity at x 0 = π/2. In contrast to its Minkowski counter − 9 − part, the Euclidean space is self-dual, which means that the duality transformation (6) just acts as a 'time' reparametrization x 0 → x 0 + π/2. It is interesting to note that conformal field theory SL(2, R)/U (1) with positive k, which leads to the twodimensional black-hole, is governed by an infinite dimensional, non-linear symmetry W ∞ (k) [27] . This algebra truncates for the cosmological case k = −N < 0 to the finite algebra W N . Both algebras linearize in the limit k, N → ∞, where the ordinary W ∞ algebra is recovered.
So far we have considered the semiclassical approximation of the gauged WZW model, i.e. the target space metric, as given in eq. (17), was derived for k → ±∞. This metric, together with the dilaton eq. (18) provides a solution of the string field equations eq. (2), which are valid at lowest order in α ′ or 1/k. Thus in the bosonic σ-model there are higher order corrections to the metric and dilaton background. However for models with extended (n=4) worldsheet supersymmetries, there are no renormalization effects, and the lowest order background is supposed to be exact (see the discussion at the end of this chapter). For the bosonic case, the exact, i.e. conformal, background can be obtained by various methods [26] , [28] , [29] . For the coset SL(2, R)/SO(1, 1) × R 2 the exact, all order metric has the following form [28] :
Here k − 2 is the renormalized coupling constant. Obviously, this metric approaches the leading expression eq. (17) for k → ±∞. The exact dilaton has the form
To discuss the cosmological (or black-hole) interpretation of the exact metric, it is useful to again change the coordinates. For example, for the region IV, uv > 1, the new coordinates are given as
Then eq.(27) becomes [26] , [28] 
− 10 − Examining this expression one observes the interesting fact that for the cosmological case, k < 0, there is no singularity in space-time anymore, since 1/(1 +
(However in the n = 4 supersymmetric case the singularity is still present.) This is quite different from the lowest order metric eq. (22) . ⋆ Thus in the exact CFT, the physical relevance of the singularity of the lowest order solution seems to be rather low. This observation is also supported by the expectation that all physical amplitudes in the coset CFT will be non-singular.
The duality transformation for the exact metric is again given by uv → uv−1 due to the exchange of vector versus axial gauging. This implies that the exact dual metric is obtained from eq. (30) by replacing tanh(
) by coth(
). However note that this transformation does not anymore correspond to
At the end of this section let us discuss briefly some extended four-dimensional models. For example consider the gauged WZW model based on the coset
U(1) [31] , [16] , [17] , [32] . The central charge of this CFT is given by c = 3k
The corresponding background metric has the following form:
For the black-hole case with positive k 1 one can set k 1 = k 2 + 4. Then the model possesses an extended n = 4 world-sheet supersymmetry [32] , and one obtains that c = 4 regardless of the value of k 1 . Thus δc = 0 for all k 1 and the metric (32) is valid for all k 1 , since there are no renormalization effects which can lead to higher order contributions in 1/k.
For the cosmological case with negative k 1 we cannot set k 1 = k 2 + 4 (k 2 is always positive). As an alternative one can couple SL(2, R)/SO(1, 1) with negative ⋆ For the black-hole case with k > 2 it was shown [30] that the exact metric is also free of singularities in the sense that the singularity is separated from the horizon by a Euclidean region.
k 1 to an Euclidean two-dimensional 'black-hole' based on the coset SL(2, R)/U (1) with positive Kac-Moody level k 2 . The central charge of this model is c = 3k
and the background metric looks like
Again one obtains δc = 0 for k 1 = −k 2 + 4, where the model is n = 4 supersymmetric.
The Einstein Frame
To get contact with standard gravity theory, which possesses a canonical Einstein term, one has to perform a Weyl rescaling of the σ-model metric eq. (17) by the exponential of the dilaton field.
⋆ This Weyl rescaling however does not change the causal structure of the theory. Specifically, the metric in the Einstein frame is given as
Here we have focused on the cosmological case with k → −∞, where we have absorbed the level k in the metric. The effective action now has the form
To show the cosmological behavior of the metric inside region I we again introduce coordinates which cover exactly the region I, namely
It follows that curves of constant times t correspond in figure 2 to hyperbolae uv = −t 2 , whereas the curves of constant x 1 are given by the straight lines u/v = −e 2x 1 (see figure 2 ). In these coordinates the metric now looks like [16] 
⋆ There is no Weyl rescaling of the metric in two space-time dimensions.
− 12 − and the dilaton has the form Φ(t) = log(1 + t 2 ).
Clearly, the metric (38) describes an expanding Universe in region I with two different scale factors R 1 (t) = t, R 2,3 (t) = √ 1 + t 2 , where t is the cosmological time coordinate. For small t, the Universe expands unisotropically. However, for large times, one approaches an isotropic, linear expansion of the Friedmann-Robertson-Walker type with R i (t) = t (i = 1, 2, 3). However our solution has no initial singularity at t = 0 in contrast to the standard isotropic Robertson-Walker Universe. (The Ricci tensor in the coordinates (37) takes the form
Let us derive the energy momentum tensor of the dilaton matter field. Specifically consider the classical Einstein equations
The corresponding energy-momentum tensor from the dilaton matter field has the form
Then we obtain, with Φ = log(1 + t 2 ) and V (Φ) = 2 1+t 2 , that
Here ρ is the energy density of the dilaton matter system and p is its pressure. Now it is easy to see that the quantity
is negative for all t. It is interesting to observe that the form of ρ + 3p, being always negative, violates an assumption by Hawking and Ellis [2] on the form of the matter energy-momentum tensor, which, being satisfied, would always lead to a singular space-time. Thus, the absence of an initial singularity in the cosmological region − 13 − I can be understood from the specific form of the energy-momentum tensor of the dilaton matter system.
The duality transformation in the Einstein frame is expressed as
Thus we see again that the cosmological region I is mapped to the cosmological region IV, which requires an analytic continuation to imaginary t values. However it is more convenient to use real coordinates which cover the region IV of the following form:
Then the dual metric can be written as
and the duality transformed dilaton is obtained as
It is easy to show that this metric leads to a scalar curvature which is singular at t = 1. It is instructive to compute again the dual energy density and the dual pressure of the dual dilaton matter system:
Thus the quantity ρ D + 3p D = 4 (t 2 −1) 2 is now positive which implies the existence of an initial singularity according to the theorem of [2] .
Summary
We have reviewed the cosmological solutions of the string background equations and the action of the duality transformation on the cosmological backgrounds. In two dimensions (and possibly also in higher dimensions), the cosmological coordinates are not geodesically complete and there a exist a Kruskal-like completion of space-time. The cosmological metric in the Kruskal coordinates can be obtained from an exact − 14 − CFT, the gauged WZW-models based on the coset SL(2, R)/SO(1, 1). The same CFT leads to the two-dimensional black-hole when one changes the sign of the level of the underlying non-compact Kac-Moody algebra. For both signs, black-holes as well as cosmological backgrounds, the metric of the target space, at lowest order in α ′ , leads to space-time singularities. In the cosmological case the singularity is hidden behind the light-cone. However the singularity could send signals into the light-cone and therefore influence the expansion of the Universe. This is very similar to the initial singularity (Big Bang) in the standard Friedmann-Robertson-Walker Universe. It is important to stress that, seen from the CFT point of view, the singularities in the black-hole as well as in the cosmological frameworks have exactly the same origin.
Therefore one could expect that the same type of quantum gravity effects are relevant near the black-hole as well as in the early Universe at times shortly after the initial singularity. These quantum gravity effects should in principle be determined from the underlying coset CFT. (For considerations in this directions for the black-hole case, see ref. [26] .) Let us mention that the elimination of the negative-norm states for the gauged WZW model with negative level k has still to be demonstrated. However we believe that the unitarity of the spectrum is possible since it was already shown [12] that for the asymptotic region t → ∞, where one approaches the linear dilaton model, the elimination of the negative norm states is possible. In addition, the construction of a modular invariant partition function is still an interesting problem.
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